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Abstract. Pattern recognition using Dynamic Bayesian Networks
(DBNS) is currently a growing area of study. In this paper, we present
DBN models trained for classification of handwritten digit characters.
The structure of these models is partly inferred from the training data of
each class of digit before performing parameter learning. Classification
results are presented for the four described models.

1 Introduction

Bayesian Networks (BNs) [1][2][3], also called Belief Networks or Probabilistic
Networks, allow to represent probability models in an efficient and intuitive
way. Their temporal extension, Dynamic Bayesian Networks (DBNs) [4][5], have
been recently applied to a range of different domains. A natural way to use them
is to represent temporal cause-and-effect relationships between events. In that
case, the DBN can be seen as a knowledge base for diagnostic and prediction
[6]. Another kind of application exploits the ability of DBNs to be trained to
detect patterns. They have been used in speech recognition [7] as a flexible
and efficient extension of Hidden Markov Models. In video or image analysis,
DBNs can be used to detect specific actions, with applications such as sport
event detection [8], meeting activity segmentation [9] (also based on prosodic
and lexical features), and surveillance and tracking [I0]. For most of these tasks,
the observed information used as an input for the DBN is made of pre-extracted
features (various colour statistics, motion intensity of tracked points...), however
it is also possible to use low-level data such as image pixels, as shown for instance
by the application of DBNs to character recognition [11].

In this paper, we perform handwritten digit recognition using DBN models
whose structure have been partly automatically learned from the training set of
data. Complete structure learning is tractable for BNs or DBNs with complete
data [12][13][14], but becomes rapidly intractable for DBNs with numerous nodes
and with the presence of hidden nodes. To overcome this problem, we adopted a
mixed approach where some links of the graph are learned independently from
the final structure of the model, and are then completed with additional nodes
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and links. The paper is organised as follow: in section 2] we briefly introduce BNs
and DBNs, their main properties and the main ideas behind parameter learning
in DBNs. We then describe the four kinds of DBN models we built to conduct
the experiments. Section [3] contains the description of the experiments, and the
results. Section [ concludes this paper.

2 Dynamic Bayesian Networks

2.1 General Remarks

A Bayesian Network is a Directed Acyclic Graph (DAG) in which each node
represents a random variable and quantitative probability information. Directed
links (arrows) connect pairs of nodes. Node X is said to be the parent of node
Y if there is an arrow from X to Y. The meaning of that link can be expressed
in the following way: “X has a direct influence on Y”. Influence is quantified by
Conditional Probability Tables (CPT, for discrete nodes) or Conditional Prob-
ability Densities (CPD, for continuous nodes) associated with each node, which
contain the conditional probabilities of the random variable for each combina-
tion of values of its parents. Nodes that do not have parents are associated with
a prior probability instead of a conditional probability.

Given a set of random variables (X1, ..., X},), the value of every entry in the
full joint probability distribution is given by equation [l A key aspect of BNs
is that the equation can be written in a simplified form which is easily deduced
from the topology of the network. The joint probability distribution in a BN is
given by equation 2] where Parents(X;) denotes the parents of X;.

n

P(Xy,... Xn) = P(Xy) - [[ P(Xil Xizq, .., X2) (1)
1=2
P(Xy,.., Xn) = HP(Xi|Parents(Xi)) (2)

Dynamic Bayesian Networks are an extension of static BNs to temporal events
occurring at discrete times t. The graph of a DBN is built by juxtaposing several
instances of a single BN, each instance of the BN (or time slice of the DBN)
corresponding to a value of t. The complete network is obtained by adding
directed links between slices (inter-slice links), in the direction of the time flow.
Two assumptions are widely used in order to simplify the modelling:

— The Markov order of the DBN is equal to 1: the states at ¢ only depend on
states at t and t — 1;

— The DBN is stationary: its structure and parameters (conditional and prior
probabilities) are the same for all ¢ > 2 (provided the first time slice is t = 1).

DBNS5s can be used to perform inference, training and pattern detection tasks on
data sets. Inference is the computation of the posterior probability of a query



122 O. Pauplin and J. Jiang

variable in the network, given the values of observed variables. Inference can be
exact or approximate [4], approximate inference being the only feasible solution
for large networks. One advantage of using DBNs over BNs is that the stationar-
ity assumption allows to apply efficient inference algorithms (an unrolled DBN
treated as a static BN would require much more computational power).

A detailed description of parameter and structure learning is beyond the scope
of this article (see [15][I6][17] for more details). For a discrete node related to a
single random variable, learning the parameters means finding the conditional
probabilities of the random variable for each different combination of values of
its parents. For a continuous Gaussian node, the same principle applies except
that two parameters have to be determined in each case: the mean and the
standard deviation of the Gaussian distribution. Learning the parameters with
complete data can be done by applying the principle of Maximum Likelihood,
i.e. trying to find the set of parameters {61, ...,6,,} that maximises the likeli-
hood P(di,...,dpl01,...,0m) where {di,...,dp} is a set of observed data. When
some variables are hidden (or data is incomplete), the Expectation-Maximisation
(EM) algorithm can be used to learn the DBN parameters: using inference as
a subroutine, it computes the expected values of the hidden variables given the
current parameter values and the data, then it uses the inferred values as if they
were observed values and applies the principle of Maximum Likelihood. Those
steps are iterated until no improvement of the likelihood is achieved.

2.2 The Proposed Model Designs

The DBN models we present in this study have their structure partly based on
inter-slice links learned from data. We have built and tested the following four
models.

Model 1: Learned inter-slice links. The task of learning a DBN structure
relies on the choice of a scoring function assessing how well a network “matches”
a set of data. That scoring task can be performed by using the Bayesian In-
formation Criterion (BIC score) [I7], which combines the likelihood of the data
according to a network with a penalty intended to avoid learning a network with
too high a complexity (the absence of penalty would lead in most cases to learn-
ing the completely connected network). Learning the structure of DBNs from
incomplete data may be done using the Structural EM algorithm (SEM) [I8],
but remains computationally challenging for complex networks.
The BIC score for a graph G and a set of complete data D is given by:

log N
2

BIC =log P(D|G,6) — N, (3)

where:

— O is the set of parameters for G that maximises the likelihood of D,

— N is the number of data sample in D,

— N, is the dimension of G' or number of free parameters, which is equal to
the number of parameters in the case of complete data.
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Based on this approach, Model 1 is made of a structure whose only links are inter-
slice links between evidence nodes, learned from the complete data. Structure
learning is performed separately for each class of character, using a random sub-
set of 500 digits per class extracted from our training set (the MNIST database,
presented in section Bl). The evidence nodes (or observed nodes) of the DBN
observe values from a column of pixels of a digit image, i.e. node E! observes
the value of the pixel at the intersection of line ¢ and column ¢. That approach
may lead to DBNs with a number of nodes such that the task of inference and
learning would be difficult. In order to reduce the number of parameters of our
models, we normalised the digit images to the size 14 pixels x 14 pixels, from
an original size of 28 x 28. Other limitations arise from the structure learning
method used, which requires that all nodes are discrete and observed. That al-
lows to find the optimal set of parents for each node separately. Therefore, digit
images are binarised before learning the structure, with a threshold of half the
maximum value of a pixel. The maximum number of parents per node is fixed
to 7 in order to only learn the most useful links, and all parents of a node in
time slice ¢t + 1 belong to time slice t. For each node, the selected combination
of parents is the one that corresponds to the highest BIC score according to the
data.

An example of DBN structure from this model is presented in Fig. [[{a). For
a given digit image, each pixel value is observed once, so the unrolled DBN has
tmaz = 14 time slices (one per column of an image), each time slice containing
14 evidence nodes (one per pixel of a column).

Model 2: Learned inter-slice links and hidden node. Fig.[Il(b) shows the
second kind of DBN structure tested. Evidence nodes are the same as previously,
with the same inter-slice links and the same observations of columns of pixels.
Each time slice contains an additional hidden discrete node linked to all evidence
nodes of the slice, and to the hidden node in the next slice. The number of
states of hidden discrete nodes is fixed to 13, as our experiments have shown no
significative improvement for higher values.

Model 3: Coupled structure. The coupled structure (Fig.[Iic)) is obtained by
linking two DBNs from the previous model, one observing a column of pixels per
time slice, the second observing a line of pixels per time slice. The two hidden
nodes are discrete and have 13 states. The inter-slice links between evidence
nodes observing lines (Ef, i = 15..28) have been learned in the same way as

3
those between evidence nodes observing columns (Ef, i = 1..14), but separately.

Model 4: Learned inter- and intra-slice links, and hidden node. This
model (Fig.dld)) is based on Model 2, with additional intra-slice links between
evidence nodes. Intra-slice links have been learned from the data in the same way
as inter-slice links, i.e. using the BIC score, and a different set of intra-slice links
has been learned for each class of data. To avoid cycles in the graph, intra-slice
links were made to follow the constraint according to which E! can only be a
parent of E if i < j.
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(a)

(b)

(d)

Fig. 1. The first two time slices of four DBN architectures. The complete unrolled
DBNSs have tmaee = 14 time slices. Ef is the evidence node number ¢ in time slice ¢, and
X; is the hidden node number j in time slice ¢ (X" if there is only one hidden node
per time slice). (a) Model 1: A DBN made of evidence nodes only, with inter-slice links
learned from the data (columns of pixels). (b) Model 2: Same evidence nodes as in
(a), with one hidden node per slice, connected to every evidence nodes of the slice. (c)
Model 3: A DBN observing columns and lines of pixels coupled through hidden nodes.
(d) Model 4: Same as Model 2, completed with intra-slice links learned from the data.
The links between evidence nodes are shown as an example, and they are different for
each class of data.
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3 Experiments and Results

The data we used is extracted from the MNIST database of handwritten digits
[19], which contains a training set of 60000 examples of characters, and a test set
of 10000 examples. Fig. 2 shows a few examples of characters from the MNIST

247 9

Fig. 2. Examples of characters extracted from classes 2, 4, 7 and 9 of the original
MNIST database (size 28 x 28). Our experiments used images resized to 14 x 14.

The experiments have been conducted with the BayesNet Toolbox for Matlab
[20], which provides source code to perform numerous operations on BNs and
DBNs. The DBN parameters are learned using the EM algorithm mentioned in
section[2l Our training set was made by randomly extracting 500 samples of data
per class (5000 samples in total) from the MNIST training set. For recognition,
we used a total of 2000 samples of data randomly extracted from the MNIST
test set. Images were resized to half their initial size to reduce the number of
parameters in the models; image size reduction also results in information loss,
which may hamper the learning and recognition tasks.

For each of the four models presented in section 2.2 experiments were con-
ducted using discrete (binary) evidence nodes with binary images, and using
Gaussian evidence nodes. For the latter case, pixel values have been scaled from
the interval [0,255] to [0,1]. During each of these eight experiments, one DBN was
trained for each class of data, with the particular links previously learned from
that class of data; then each digit of our test set was tested with the DBNs of the
ten classes and assigned to the class whose DBN gave the highest log-likelihood.

The results are summarised in table Il For each model, it can be seen that
Gaussian evidence nodes provide an important improvement for this application
compared to discrete ones. The hidden node in Model 2 resulted in significantly
better results than those obtained with Model 1, but the additional intra-slice
links (Model 4) brought only a marginal improvement compared to Model 2.
The coupled architecture of Model 3 gave the best results for both kinds of
evidence nodes, and reached an average recognition rate of 93.3% with Gaussian
evidence nodes; the corresponding standard deviation of the recognition rate of
the different classes is 3.4 percentage points. Digits from classes 1 and 0 were the
most correctly classified by Model 3 (Gaussian evidence nodes) with recognition
rates of respectively 98.3% and 97.2%, while classes 7 and 4 have the lowest
recognition rates, respectively 87.5% and 89.1%, both of them being most of the
time mistakenly labelled as 9.

In [I1], tests of several HMM and DBN models on the original MNIST database
are reported, with recognition rates ranging from 87.4% (Horizontal HMM), to
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Table 1. Recognition rates (%) of handwritten digits

Model 1 Model 2 Model 3 Model 4
Discrete evidence nodes 67.7 69.6 74.8 71.2
Gaussian evidence nodes  81.0 90.2 93.3 90.6

94.9% for the best DBN. The same study reported SVMs provided a recognition
rate of 96.1%. However, our results are not readily comparable as they are ob-
tained using reduced images (4 times less observations), which inevitably lowers
the information available for learning and recognition.

4 Conclusion

In this paper we have presented a task of handwritten digit recognition using
Dynamic Bayesian Networks. The observations of our models were columns and
lines of pixels, with up to 28 evidence nodes and 2 hidden nodes per time slice.
Four DBN models with different structures have been tested. The structure
was partly learned from the training set of data, separately for each class of
digit. We used a trade-off between complete automatic structure learning and
manual heuristic search for an efficient structure, by learning inter- and intra-
slice links between evidence nodes from data before incorporating them with
hidden discrete nodes. For each model, experiments were conducted with binary
and Gaussian evidence nodes, the latter giving much better results.

DBNs offer a great range of possibilities and there is much scope for ex-
ploration and improvement. As we have seen, this application leads to a certain
disparity between the recognition rates of the different classes. Future work could
be to perform a two-step learning, where the first step would be dedicated to
detecting which class is the most difficult to classify, and the second step would
focus on improving the DBN structure of the class identified during the first
step, using not only the training data of that class but also the data of other
classes in order to find the most discriminative links.
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